Using a semi-analytical approach recently developed to model the tidal deformations of neutron stars in inspiralling compact binaries, we study the dynamical evolution of the tidal tensor, which we explicitly derive at second post-Newtonian order, and of the quadrupole tensor. Since we do not assume a priori that the quadrupole tensor is proportional to the tidal tensor, i.e. the so called "adiabatic approximation", our approach enables us to establish to which extent such approximation is reliable. We find that the ratio between the quadrupole and tidal tensors (i.e., the Love number) increases as the inspiral progresses, but this phenomenon only marginally affects the emitted gravitational waveform. We estimate the frequency range in which the tidal component of the gravitational signal is well described using the stationary phase approximation at next-to-leading post-Newtonian order, comparing different contributions to the tidal phase. We also derive a semi-analytical expression for the Love number, which reproduces within a few percentage points the results obtained so far by numerical integrations of the relativistic equations of stellar perturbations.
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I. INTRODUCTION
Coalescing binary systems of neutron stars (NS) and/or black holes (BH) are among the most interesting sources of gravitational waves (GWs) to be detected by advanced Virgo and LIGO [1] . One of the key features of the coalescence is the NS tidal deformation, which provides precious information on the NS equation of state (EOS) [2] [3] [4] [5] [6] . For this reason, theoretical and numerical studies have been recently performed to model the effect of tidal deformations on the emitted GW signal, and to extract its contribution from a detected signal [2, 3, [5] [6] [7] [8] [9] [10] [11] . These studies are based on fully general-relativistic numerical simulations and on (semi-)analytical approaches.
In current analytical approaches, the tidal deformation properties of NSs are encoded in a set of numbers, the Love numbers [2-6, 12, 13] , which relate the mass multipole moments of the star to the (external) tidal field multipole moments. In the so-called "adiabatic approximation", at the lowest multipole order, the evolution of a star in response to an external quadrupolar tidal field C ij , is governed by the equation
where Q ij is the star quadrupole moment, R NS is its radius at isolation, and k 2 is the (dimensionless) l = 2 apsidal constant, also dubbed second tidal Love number. For non-rotating relativistic stars, k 2 is usually computed by solving the linear l = 2 static, even-parity perturbations of Tolman-Oppenheimer-Volkoff solutions [14] , requiring regularity and continuity for the metric perturbation and its first derivative [4, 12, 13] . Eq. (1) and its higher multipole order versions have been employed to determine the effect of tidal deformations on the orbital motion, and on the GW signal emitted by NS-NS and BH-NS binary systems [3, 5, 6, 9] . In these studies, the relation in Eq.
(1) -or an equivalent assumption [5] -is assumed as a starting point.
The domain of validity of (1) is briefly discussed in [2] , using previous results of Lai. In [15] a NS tidally interacting with a companion, is described as a forced oscillator in a Newtonian framework; the energy absorbed by the oscillator is the sum of an "instantaneous" term, proportional to the forcing (tidal) field, and a term associated with the stellar oscillations. Since the former is much larger than the latter, it is argued that the adiabatic approximation (1) holds [2] . A forced oscillator model is also used in [3] , providing further evidence of the accuracy of the adiabatic approximation. It should be stressed, however, that only a consistent dynamical study of the stellar deformation during the inspiral may assess the validity of the adiabatic approximation. This is the approach we follow in this paper.
In a recent work [16] , some of us developed a semianalytical description of tidal deformations of NSs in inspiralling BH-NS and NS-NS binaries. This model combines the post-Newtonian (PN) approach (see, for instance, [17] [18] [19] ), which accurately describes the orbital motion before the onset of mass-shedding, and the affine model, which allows for a description of stellar deformations due to an external quadrupolar tidal field generated by the companion [20] [21] [22] [23] [24] [25] . We computed the tidal tensor associated with the PN metric of a two-body system, defined in terms of the PN Riemann tensor and of the NS local tetrad
up to 1.5PN order. This tensor appears as a source in the dynamical equations describing the stellar deformations. Note that the use of a two-body PN metric explicitly yields self-interaction terms in the tidal tensor. We validated our post-Newtonian-affine (PNA) approach by comparing the results obtained for BH-NS binaries to the outcome of fully general-relativistic numerical simu-lations. In addition, we computed the Love number k 2 using Eq.
(1) at large separations, showing that our results were in good agreement with the analytical results of [12] . In this paper, we extend the PNA approach further:
• We compute the tidal tensor (2) up to 2PN order. This new result may allow one to construct more accurate models of gravitational waveforms emitted by inspiralling compact binaries, which could be employed to extract information on the Love number and on the underlying equation of state, during post-processing. Indeed, the 2PN terms may be used to correct the binary binding energy and the GW-flux and to improve the description of the phase evolution.
• We use the 2PN tidal tensor to assess the range of validity of the adiabatic approximation. We do so by solving the dynamical equations for the orbital motion and the stellar deformations, by computing the quadrupole and tidal tensors, and by determining k 2 from
at different values of the orbital separation. We find that k 2 increases in the late inspiral phase; it should thus be referred to as a Love function k 2 (r), of which k 2 is the asymptotic limit. As discussed in Section III, we prefer to express k 2 as a function of r, rather than as a function of the gauge invariant frequency, because in this way it is easier to find an accurate fit for k 2 . We then use the stationary phase approximation [26, 27] to compute the gravitational waveforms with tidal phase effects included up to 1PN relative order [9] and model the gravitational wave phase accordingly.
• We compute the fitting factors [28] between pointparticle templates and a model of the gravitational signal that includes tidal effects at the best of our knowledge up to 1PN order, i.e., including the Love function k 2 (r). We find that point particle templates satisfy the accuracy standards defined in [28] , unless one considers NS-NS binaries with a very stiff equation of state, in which case the aforementioned standards are marginally violated. Moreover, we show that tidal effects can affect the measurement of the total mass and the symmetric mass ratio by at most 3% and 2%, respectively.
• We derive a simple, semi-analytical expression for the tidal Love number k 2 :
whereM andΠ are, respectively, the scalar quadrupole moment of the star and the integral of the pressure over the stellar volume, both calculated for the star at isolation. We check the accuracy of this formula by comparing its results to those obtained by perturbative approaches [12] , finding that they agree within a few percentage points.
The plan of the paper is the following. In Sec II we briefly describe our model. In Sec. III we study the tidal Love number k 2 in the post-Newtonian affine approach. In Sec. IV we compute the gravitational waveform in the stationary phase approximation, comparing the different tidal contributions to the Fourier phase. In Sec. V we compare the waveforms obtained by using different approximations for the tidal contributions to the Fourier phase. In Sec. VI we draw the conclusions.
II. THE MODEL
In the following we briefly sketch the post-Newtonianaffine model. For further details, see [16] . The masses of the two compact objects, inspiralling on quasi-circular orbits, are m 1 and m 2 , m = m 1 + m 2 is the total mass, and ν = m 1 m 2 /m 2 is the symmetric mass ratio. We write the equations for the secondary object m 2 , of radius R NS . In a NS-NS system, analogous equations hold for the primary object m 1 .
A. Tidal deformations in the affine model
To describe the stellar deformation, we use the affine model approach [20] [21] [22] (improved in [16, 24, 25] ), which is based on the assumption that a NS in a binary system preserves an ellipsoidal shape when it is deformed by the tidal field of the companion. The deformation equations are written in the principal frame, i.e., the one comoving with the star and with axes coincident with the principal axes of the ellipsoid. Surfaces of constant density inside the star form self-similar ellipsoids, and the velocity of a fluid element is a linear function of the coordinates x i of the principal frame. Under these assumptions, the infinite degrees of freedom of the stellar fluid reduce to five dynamical variables and we are left with a set of ordinary differential equations describing the evolution of the star. The five variables describing the stellar deformation are the three principal axes of the ellipsoid 1 a i (i = 1, 2, 3) and two angles ψ, λ defined as
where τ is the NS proper time, Ω is the ellipsoid angular velocity measured in the parallel transported frame associated with the star center of mass (the "figure" velocity in [22] ), and Λ (defined in [22] in terms of the vorticity along the z−axis in the corotating frame) describes the internal fluid motion in the principal frame.
The NS internal dynamics is described in terms of the Lagrangian
where T I is the star kinetic energy, U is the internal energy of the stellar fluid, and V is the star self-gravity. The relevant integrals are the scalar quadrupole moment M = 1/3 dM B i (x i ) 2 , the pressure integral Π = dM B p/ρ, and the self-gravity potential V = − dM B i x i ∂ i Φ; here dM B is the baryon mass element, Φ is the gravitational potential, p is the pressure, and ρ is the baryon mass density.
As shown in [20, 21] , under the affine hypothesis the integrals M, Π, V can be expressed in terms of integrals over the spherical configuration of the star (a i = R NS ), and of functions of the dynamical variables. In the following, all carets (ˆ) denote quantities computed on the spherical star. In the spherical configuration, the pressure integral and the self-gravity are related by the virial theoremV = −3Π .
The original affine approach, introduced in a Newtonian framework [20] [21] [22] , was improved and extended in [16, 24, 25] . The spherical configuration of the star is determined by solving the relativistic equations of stellar structure, which yield the profile ofp(r s ), being r s the radial coordinate in a Schwarzschild frame associated to the NS. The gravitational potential Φ appearing in the definition of V is replaced by an effective relativistic potential such that the virial theorem (6) is satisfied. The equations of motion for the internal variables q i = {ψ, λ, a 1 , a 2 , a 3 } and their conjugate momenta
In the above equations, the c ij 's are the PN tidal tensor components defined later in Sec. II C,
are elliptic integrals,
where
is the gravitational mass enclosed in a sphere of radius r s , r and v are the orbital distance and the relative velocity of the two bodies in the PN frame, and
are the circulation and the NS spin angular momentum. In this article we consider the case of an asymptotically non-rotating star. As discussed in [22] , the intrinsic spin of the star may be defined only far away from the companion, where the star is axisymmetric and the ellipsoid rotation Ω vanishes; in this region, it is possible to identify the angular velocity of the star with −Λ. Therefore, an asymptotically non-rotating star has Λ = 0, Ω = 0, and thus C = 0, at r → ∞. Since C is a constant of motion, it remains zero during the inspiral. Ω and Λ, instead, become non-vanishing as the NS couples with the tidal field, i.e., the ellipsoidal star acquires a (very small) angular velocity associated with general relativistic effects, such as geodetic precession and frame dragging.
B. The orbital motion
The orbital motion is described in the post-Newtonian framework starting from the the 3PN metric of the twobody system, written in harmonic coordinates {x 0 = ct, x, y, z} [30, 31] . We assume an adiabatic inspiral of quasi-circular orbits, i.e. such that the energy carried out by GWs is balanced by the change of the total binding energy of the system [18] . We use the Taylor T4 approximant to describe the orbital phase evolution of the two-body system, including the effects of the tidal interaction on the orbital motion, derived at the 1PN order (beyond the leading term) in [9] . The phase φ(t) and the orbital frequency ω = dφ(t)/dt are found by numerically integrating the following ordinary differential equations:
F pp is the point-particle term [32] , and F tid incorporates the finite-size effects on the orbital motion [9] . To determine the radial coordinate r(t), we employ the PN expression for γ = Gm rc 2 (not to be confused with the time dilation factor γ(t) defined in Eq. (18)), which is also known up to 3PN order [33] . We refer to [16] for the explicit form of the equations, or to the original papers [18, 33] .
C. The post-Newtonian tidal tensor
The quadrupolar tidal tensor is
where R αβγδ is the Riemann tensor of the 3PN metric describing the orbital motion. We introduce an orthonormal tetrad field e (i) (i = 0, . . . , 3) associated with the frame fixed to the star center of mass O * , parallel transported along its motion, and such that e µ (0) = u µ , i.e., the 4−velocity of O * . In [16] we computed C ij up to O(1/c 3 ), whereas previous computations were performed up to O(1/c
2 ) [34, 35] . In this work we further expand the PN tidal tensor in order to include also 1/c 4 terms. To this aim we first need to calculate the 2PN component of the spatial tetrad vectors e j (k) introduced in [36] . From the orthogonality condition g µν e µ (i) e ν (j) = δ ij we find that the tetrad field expanded up to 1/c 4 order for the bodies A = 1, 2 is:
A are PN potentials defined in terms of the source densities, evaluated at the location of the body A, and regularized as described in [19] ; finally, ξ A is the angle describing geodesic precession and frame dragging
here Q xy is the non vanishing component of the antisymmetric matrix Q defined as [36] :
with t 0 arbitrary initial time. Following the same procedure described in [16] we project the Riemann tensor on the tetrad field, to derive the tidal tensor which we express in the NS principal frame as c = T CT T , where
and ψ has been defined in Section II A. We find that the tidal tensor components for the body 2, appearing on the right-hand-side of the dynamical equations (10)- (12), are:
In the above expressions, δχ = χ 1 − χ 2 and the lag angle ψ l = ψ − φ + ξ describes the misalignment between the a 1 axis and the line between the two objects. The superscript dot identifies derivatives of the orbital variables φ with respect to the coordinate time t. It should be noted that in the center-of-mass frame of the binary system, the tidal tensor is given by the same expressions (30)- (33), setting ψ l = −φ. We also stress that, by construction, the tidal tensor is traceless.
Finally, we remark that (for a star with zero circulation, i.e., C = 0) the lag angle is very small, since it is only due to general relativistic effects such as geodetic precession and frame dragging; therefore, ψ l ≪ 1. Then, since at leading order c xy ∝ sin[2ψ l ], it follows that c xy ≪ c xx , c yy , c zz .
We have checked numerically that c xy is always several orders of magnitude smaller than the others components of the tidal tensor. We remark that, as noted in [37] , the lag angle becomes non-negligible when viscosity is included in the model.
III. TIDAL LOVE NUMBERS IN THE POST-NEWTONIAN-AFFINE APPROACH
NS tidal deformations can be described in terms of a set of parameters, the Love numbers, encoding the deformation properties of the star. The idea is that in presence of a weak, external tidal field, a spherical star is deformed, and its mass multipole moments are proportional to the multipole moments of the perturbing tidal field. In this paper, we focus on the Love number k 2 , which is associated with the lowest order "electric" moment, i.e., the ℓ = 2, or quadrupole, moment. This is the most relevant for the phenomenology of stellar deformations, to be considered when modelling gravitational waveforms. The mass quadrupole moment (traceless) tensor is proportional to the tidal field [2, 12] :
In the NS principal frame, this equation reads
where q ij is the quadrupole moment tensor projected onto this frame
(no sum on i), a 2 = (a
3 )/3, andM is the scalar quadrupole moment for the spherical, isolated star configuration given in Eq. (19) .
Eq. (36) is based on the adiabatic approximation, which assumes that the timescale of the orbital evolution (and thus of tidal tensor variations) is much larger then the timescale needed for the star to readjust into a stationary configuration. In the following we will drop this assumption and assess its validity.
A. Evolution of the tidal Love number during the inspiral
We solve Eqns. (7)- (16), (22) , and (23), for a representative set of binary system configurations. We consider two equations of state, dubbed APR (which had been derived by Akmal, Pandharipande and Ravenhall [37] ) and PS (which had been derived by Pandharipande and Smith [38] ). These EOSs are expected to cover the range of possible EOS stiffness and NS deformability: the APR EOS describes soft NS matter and yields NS models with high compactness C (not to be confused with the circulation defined in Eq. 21) and small deformability λ, whereas the PS EOS describes stiff NS matter and gives stellar models with small compactness and large deformability (see for instance [6] ). We consider two values of the secondary NS mass, m 2 = 1.2 M ⊙ , 1.4 M ⊙ , and three values of the mass ratio, q = m 1 /m 2 = 1, 3, 5. In the q = 1 cases, both bodies are NSs, with the same EOS, and we take into account the deformation of both of them. When q = 3, 5 we assume that primary body is a BH.
For each of these binary models, we compute k 2 from Eq. (36), using Eq. (37) for the left-hand side. We find that this quantity is a function of the orbital distance, k 2 (r), and that it increases during the stellar inspiral. We express k 2 as a function of r, and not of the PN variable x, because it is easier to find an accurate fit for k 2 in terms of the r-dependence rather than of the x-dependence. Further, we think that the variable r provides a more direct physical insight on the process. Hereafter, we denote the asymptotic limit of the function k 2 (r), i.e., the Love number, ask
We determinek 2 by fitting our data with the following expression:
In Fig. 1 we plot the function k 2 (r) for all the binary configurations we considered. The figure shows that in the last stages of the inspiral, before the mass-shedding sets in, k 2 (r) grows by a factor of ∼ 10% − 30%. This effect is strongly dependent on the EOS choice: it is larger/smaller for a stiffer/softer EOS as PS/APR, or, equivalently, for a less/more compact NS. The dependence of this effect on the mass ratio q is weaker; the Love number increases more for larger values of the mass ratio, unless the star reaches the innermost circular orbit (ICO) before the mass-shedding sets in. It seems that this effect is nearly insensitive to the NS mass. We show the curves in Fig. 1 as functions of r, and not of r/m, because we find that this choice makes the common asymptotic limit of the curves more evident.
B. Equations of tidal deformation in the perturbative regime
In the limit of small deformations
it is possible to derive a semi-analytical, closed form for the Love numberk 2 , expressed in terms of the NS scalar quadrupole moment and of the integral of the pressure over the stellar volume. 
(no sum on i). As a first step, we show that the spherical, non rotating solution a i = R NS , Ω = Λ = 0, is a solution of Eqns. (7)- (16), with c ij = 0. Indeed, in this limit the dynamical equations reduce tô
where we introducedÃ ≡Ã i (a i = R NS ), which from Eq. (17) thus reads
Eq. (41) is therefore satisfied when Eq. (6),V = −3Π, i.e., the virial theorem, holds.
We now consider the first order perturbative expansion of Eqns. (7)-(16) around the spherical, non-rotating configuration. This expansion is an accurate description of the dynamical system when deformations are small, i.e., when the tidal field is weak and the rotation rate is small.
To simplify the discussion, we restrict the discussion to the case of an asymptotically non-rotating star; in this case Eq. (34) holds, i.e., c xy ≪ c xx , c yy , c zz , and Eqns. (13)- (16) and (21) guarantee that Ω, Λ, λ, and ψ may be neglected. The remaining non-trivial equations, (10)-(12), reduce to
(i = 1, 2, 3, no sum on i). We remark that in this proof the explicit expression of the tidal field c ij , which drives the stellar deformation, can be taken as generic (we only require that c xy ≪ c xx , c yy , c zz ).
Expanding Eq. (43) we find
where we denoted the expansion of Π asΠ + δΠ and considered the Taylor expansion of the integralsÃ i (17) at first order in δa
Imposing the virial theorem V = −3Π, one now haŝ
The traceless part of Eq. (46) yields
and plugging this into Eq. (40) gives
A similar relation was found in [29] . Finally, Eqns. (36) and (48) yield the semi-analytical expression for the Love number we were looking for:
whereΠ andM are given in Eqns. (20) and (19), respectively.
In Table I we show the quantities characterizing the different binary models considered in this paper, and the corresponding values of the Love numberk 2 , computed in three different ways: (i) from the dynamical evolution of our equations (7)-(16), (22) , (23) ; (ii) by solving the equations of relativistic stellar perturbations for an isolated NS, derived in [12] (k H 2 ); (iii) from the semi-analytical formula (49) (k an 2 ). We notice that, as expected (see also [16] , where polytropic EOSs were considered), the less relativistic the NS is, i.e. the lower its compactness is, the lower the relative error between the relativistic value k is. Note that when the Love number is extracted from the dynamical evolution of the binary system, it has a (weak) dependence on the mass ratio q; the quantities k H 2 ,k an 2 , instead, do not depend on q, because they are evaluated in terms of the intrinsic properties of the star. We find that the values ofk 2 computed with these three approaches have very small discrepancies, of at most few percentage points.
Table I also provides the value of the orbital frequency f orb cut where our simulations stop. This corresponds to the onset of mass-shedding, or to the ICO, if the latter is encountered before mass-shedding (see discussion in [16] (7)- (16), (22), and (23); in columns 5 and 6 we show the relative errors (k2 −k 
IV. GRAVITATIONAL WAVEFORM IN THE POST-NEWTONIAN-AFFINE APPROACH
We now compute the gravitational waveform including tidal effects by means of the Love function k 2 (r). In the following derivation, we use geometric units G = c = 1. Our starting point is the state-of-the-art inclusion of tidal effects in the GW signal by means of the Love number k 2 . This is based on the binding energy E(x) and the gravitational flux L GW (x) [9, 32] :
whereλ A (A = 1, 2) is the tidal deformability associated with the A-th body and related to the Love numberk 2,A byλ
The point-particle coefficients e k , f k are given in the Appendix of [32] . Using the stationary phase approximation (SPA) [26, 27] and the TaylorF2 framework [40] to construct the signal in the frequency domain, the (l, m l ) mode of the GW signal reads
where t f is defined as the time when the instantaneous frequency matches the Fourier variable, i.e. m l ω(t f ) = 2πf , φ is the orbital phase, the dots indicate a second derivative with respect to time, A lm l is the Fourier amplitude, and
is the Fourier phase. To compute theφ =ω entering the GW signal, we follow the strategy adopted in [32] and expressω aṡ ω = 3 2m √ xẋ, withẋ derived using the TaylorT4 prescription given by Eq. (22) . Hereafter, we shall focus on the l = m l = 2 mode of the gravitational waveform and drop the superscript "22" for sake of simplicity. The coefficients of the 3PN order expansion of the amplitude A(x) are collected in [32] . The Fourier phase has the form
where the coefficients of the 3.5PN order expansion of the point-particle contribution ψ PP (x) are given in [32] and the tidal term, ψ T , is calculated up to 1PN (relative) order in [2, 3, 9] , by assuming a constant Love number. It reads
We may now use the Love function we introduced in Sec. III as an "upgrade" of the concept of Love number and determine new tidal contributions to the GW signal emitted by an inspiralling binary. Its r-dependency in Eq. (38) may be cast into a dependency on the PN dimensionless variable x by using the PN expansion of m/r in terms of x [33] . This way one has
and consequently
where the coefficient α is determined by means of our dynamical simulations. The expanded λ A (x)'s may now replace theλ A 's in the PN expanded energy E(x) and GW flux L GW (x), Eqs. (50) and (51) respectively. Notice that since the tidal correction to the binding energy and gravitational flux are known up to the 1PN order, Eq.(58) was truncated at O(m/r) = O(x). We remark that the GW flux depends on the time derivatives of the quadrupole tensor of the system [9] and, therefore, the replacementλ A → λ A (x) in Eqns. (50) and (51) neglects terms arising from time derivatives of λ A (x). Such terms, however, being proportional to the velocities of the compact objects, are of a PN order higher than the order of the expansion in Eq.(57), and may be safely neglected. The replacementλ A → λ A (x) yields the following correction to the Fourier phase of the gravitational waveform given in Eq. (54):
where α A are the coefficients appearing in Eq. (58) associated to the A − th body andλ A are determined from Eq.(52). Eq. (54) then becomes
We remark that the term ψ 1PN T and our correction δψ T have different origin. The former, obtained independently in [9] and in [41, 42] , is the next-to-leading order tidal correction to the Fourier phase and was derived under the adiabatic approximation Q ij =λC ij (or, equivalently, assuming that the contribution of "electric" type quadrupole deformations to the action is ∆S ∼ λC ij C ij ); the latter is the result of a dynamical evolution in which we monitor the variation of the ratio between the quadrupole and tidal tensor during the inspiral (which we find to be the same, within 1%, for all components ij); this variation is encoded in the parameter α appearing in Eq. (59). Thus, these terms (both increasing as r decreases) simply add linearly.
In Fig. 2 we compare the different tidal contributions to the GW Fourier phase: the leading order term ψ (dotted blue line); the total tidal contribution including our correction ψ T +δψ T , (dashed-dotted red line). As discussed above, for consistency reasons our approach only allows us to include 1/r (∼ x) terms in the gravitational waveform, therefore we truncate our expansion at order O(x).
For each model the phases are shown in the range [10 Hz, f cut ], where f cut = 2f orb cut (see Table I ). Fig. 2 shows that:
• The dephasing due to the NS tidal deformation is significantly larger than one radiant only for NS-NS binaries. For BH-NS binaries, ψ T 1 rad and therefore, as previously established in [6] , it is unlikely that second generation detectors such as Advanced LIGO/Virgo will detect tidal deformation effects in GWs emitted by mixed binaries. Only Table I. third generation detectors like the Einstein Telescope (ET) [43] , which could detect signals with very large signal-to-noise ratio, would be able to reveal the tidal contribution in BH-NS binary coalescences.
• Looking at systems with q = 1, i.e., NS-NS binaries, the tidal signal is larger for stiffer EOS, or equivalently less compact NSs, and for lower values of the NS mass, confirming previous results [3, 42] .
• The correction derived in this paper, δψ T , affects the GW phase only marginally for the binaries we consider. Indeed, the two curves describing ψ T and ψ T + δψ T nearly coincide.
Similar conclusions hold when we choose m 2 = 1.2M ⊙ . We remark that in our approach we determine the gravitational waveform up to the frequency f cut , corresponding to the onset of the mass-shedding, which (in our PNA approach [16] ) occurs when the NS fills its Roche lobe. As shown in Table I , we find values of f cut between ∼ 700 and ∼ 1150 Hz. These values are larger than the cutoff frequency assumed in [3] (f cut = 450Hz), but more conservative than the values employed in [42] , which correspond to the configuration in which the surfaces of the two bodies touch. As discussed in [3] , the main reason behind the f cut = 450Hz choice is that the next-toleading order (1PN) corrections to the tidal phase, which we include, were neglected. On the other hand, the large values for f cut used in [42] (see also [11] ) correspond to the configuration in which the surfaces of the two bodies touch. We think that ending the integration when the NS fills its Roche lobe is a safer choice.
V. WAVEFORM COMPARISONS
We now examine the dephasings discussed in the previous section in terms of GW detection. In order to do so, we calculate overlaps and fitting factors [28, 44] between point-particle waveforms, which we treat as our templates, and "real" signals, i.e. waveforms in which we include tidal effects to the best of our knowledge by means of Eq. (61). Our templates and signals thus have the formh
where A denotes the GW amplitude and ψ Given two signals h 1 and h 2 , their noise-weighted inner product is
where S n (f ) is the power spectral density of a given detector, the lower integration bound f start depends on the detector one is examining, and for the upper bound f cut we use twice the orbital frequency f orb cut discussed in the previous section. More specifically, we consider second and third generation detectors, such as Advanced Virgo/LIGO, and the Einstein Telescope, setting f start to 20 Hz and 10 Hz, respectively, and follow [45] for S n (f ). The inner product allows us to define the overlap between two signals, that is, their normalized inner product, maximized over time and phase shifts:
where τ and ϕ are the time and phase offsets between the two waveforms. This quantity is useful, for example, when describing in quantitative terms the effectiveness of a waveform model in detecting a physical waveform.
Furthermore by maximising O[h 1 , h 2 ] over the intrinsic, physical parameters of, say, h 1 , one obtains the fitting factor. In our case, the point-particle waveform templates,h PP , depend on the binary total mass and symmetric mass ratio, so that we denote the fitting factor with F F (m, ν). As discussed in [28] , when calculating the number of missed events in a search performed with a discrete template bank, one must take into account the template bank spacing and the fitting factor F F(m, ν) between the template GW model and the real signal model. In the case of LIGO/Virgo template banks, this may be done by subtracting a maximum mismatch of 0.03 to the fitting factors we calculate: this yields the effective fitting factors EF F (m, ν) = F F (m, ν) − 0.03 which must then be used to determine the fraction of missed events 1 − EF F (m, ν)
3 .
[28] additionally discusses a criterion for template waveform accuracy: 1 − F F (m, ν) must be smaller than 0.005, so that 1 − EF F (m, ν) < 0.035 for LIGO/Virgo.
Our results may be summarized as follows:
• We find that the lowest overlaps occur in the case of low mass ratios as already noted in [6] ; this happens for two reasons, in general: because low total masses and mass ratios enhance the dephasing in Eqs. (56), (57) and (60) and because f cut is higher for lower mass systems, thus allowing the phase difference originating from tidal distortions to accumulate over a broader frequency range. Furthermore, in the q = 1 case the phase difference originates from the distortion of two NSs instead of a single one.
• For BH-NS binaries, the O[h PP , h T,δ ] overlaps are 0.997 for second generation detectors and 0.995 for the Einstein Telescope, as already found in [6] . This means that (1) point-particle templates are within the needed waveform accuracy, since 1 − F F ≤ 1 − O ≤ 0.005, and that (2) the total number of missed events including the effect of template bank spacing, is 1 − EF F (m, ν)
• • By computing the fitting factors for NS binaries with the PS EOS, we obtain F F (m, ν) = 0.991 for m 2 = 1.2M ⊙ and F F (m, ν) = 0.996 for m 2 = 1.4M ⊙ , in the case of second generation detectors. For third generation detectors, one has, instead, F F (m, ν) = 0.985 for m 2 = 1.2M ⊙ and F F(m, ν) = 0.992 for m 2 = 1.4M ⊙ .
• In the case of Advanced LIGO/Virgo and of a particularly stiff EOS for matter in the NS interior, the total number of missed events corresponding to the above fitting factors, 1−EF F(m, ν) 3 , may thus be as high as 11% for low mass NS binaries, whereas it would roughly be 10% for a canonical m = 2.8M ⊙ equal mass NS binary. The Einstein Telescope, on the other hand, would miss up to ∼ 13% low mass NS-NS inspirals and up to 11% canonical NS inspirals. Our results are summarized in Tables II, III. • If the EOS of NS matter is very stiff, point-particle templates of binary NS inspirals would not meet the required accuracy for Advanced Virgo/LIGO in the case of a low total mass, since the fitting factor we obtain yields 1 − F F (m, ν) > 0.005 [28] . The same is true for equal mass NS inspirals and the Einstein Telescope, on the high stiffness end of possible EOSs. As previously mentioned, the PS EOS is an extreme case of stiff EOS. Nevertheless, one should consider this worst (in terms of missed events and waveform template accuracy) case scenario and establish if, and eventually how, we may remedy; this is important also because a lot of interesting physics is associated with low mass NS binary mergers, e.g. [46, 47] . If one imagines to use templatesh T,P N that include tidal corrections up to (relative) 1PN order in the Fourier phase by means of the Love Number, i.e. 
all overlaps O[h T,1PN , h T,δ ] would differ from unity by less than a part in one-thousand, both for second and third generation detectors. To the best of our knowledge in the modelling of the real signal, the inclusion of Love Number dependent tidal terms in GW templates would therefore greatly help in constraining the NS EOS in post-processing analysis, confirming the result of [42] . Building gravitational waveforms within the adiabatic approximation (i.e., including ψ N T and ψ 1PN T ) is thus very reliable.
• Let us now suppose that the EOS of NS matter is stiff and that an m = 2.4M ⊙ equal mass binary NS inspirals close enough to Earth. The detection of its gravitational radiation by a second generation detector with an imaginarily infinitesimally spaced template bank would hit a point-particle template with total mass m = 2.446M ⊙ and symmetric mass ratio ν = 0.242, since these are the values that maximise the overlap O[h PP , h T,δ ]: this means that tidal effects contribute with a 2% error to the total mass measurement and with a 3% error on the symmetric mass ratio measurement. In the case of an m = 2.8M ⊙ equal mass inspiral, the tidal contributions to the errors on the total mass and the symmetric mass ratio measurements would be 1% and 2%, respectively. The same values hold for third generation detectors. 
VI. CONCLUDING REMARKS
In this paper we improve the PNA model recently developed in [16] , by computing the tidal tensor of a binary system up to 2 PN order. Using this approach, we study the dynamical evolution of NS deformations in compact binary inspirals, finding a number of interesting results.
We find that the ratio between the quadrupole tensor q ij and the tidal tensor c ij increases during the last stages of the inspiral, and we show that the Love number has to be considered as the asymptotic value of this ratio for sufficiently large orbital separation. This increase, however, only marginally affects the phase of the emitted signal, thus assessing the validity of the adiabatic approximation when modeling the gravitational wave signal.
We provide a semi-analytical expression of the Love number, in terms of the scalar quadrupole moment and of the integral of pressure over the stellar volume, both computed for the star at isolation, i.e. for a spherically symmetric configuration (Eq. (49) ). This expression provides a physical insight on the Love number and a formulation alternative to that given in [12] , only in terms of quantities which refer to the structure of the star in its spherical equilibrium configuration.
In addition, we estimate the reliability of point particle templates with respect to a "real" signal modeled by means of our approach, finding that such templates marginally fail to meet the standard accuracy requirements (1 − F F (m, ν) < 0.005) for NS-NS inspirals with very stiff equation of state.
